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:$R_{0}=r(K)$ , (1.2)
Diekmann and Heesterbeek (2000 [2]), van den Driessche and Watmough (2002 [12])
:
sign$(R_{0}-1)=$ sign $(r_{0})$ , (1.3)




: $M$ $Q$ $A=M+Q$ $s(Q)<0$
sign$(r(M(-Q)^{-1}-1)=$ sign$(s(A))$ . (15)
(2008 [6]) $K$ (14) $\iota\backslash$ (11)
$v(t)=Mx(t)$
$v(t)=Me^{tQ}x_{0}+ \int_{0}^{t}Me^{sQ}v(t-s)ds$ , (1.6)
$K= \int_{0}^{\infty}Me^{sQ}ds=M(-Q)^{-1}$ ,
$K$
Diekmann, Heesterbeek and Roberts (2009 [3]) $K$ $M+Q$ (1.4)
Thieme (2009 [11])
Proposition 1.1 (Thieme 2009 [11]) $X$ $(normal)$ (reproducing, generating)
$x_{+}$ $B$ $X$ $s(B)<0$
( $C$ ) $A=B+C$
sign $(s(A))=$ sign $(\rho(C(-B)^{-1})-1)$
1.2 : $R_{0}$ ( )
$n$





$K$ $\Omega=\{1,2, \ldots, N\}$ $\Omega=\Omega_{1}\cup\Omega_{2}$ $\Omega_{1}$ $\Omega_{2}$
$\Omega_{1}=\{1,2, \ldots,\ell\},$ $\Omega_{2}=\{P+1, \ldots, N\}$
$K$ $K_{11}$ $\ell\cross\ell$ :





$r(K_{2})<1$ 1 ( ) $M_{1}$
$M_{1}=K_{1}(I-K_{2})^{-1}$ , (1.8)
$M_{1}$
$M_{1}=(\begin{array}{ll}M_{11} M_{12}O_{21} O_{22}\end{array})$ ,
$r(M_{1})=r(M_{11})$ $M_{l1}$ $T_{1}:=r(M_{1})=r(M_{11})>$
$0$
$\Omega$ ( ) $K$
1 2 $M_{11}$ $r(M_{11})=r(M_{1})$
$T_{1}$ 1 ( ) Roberts and Heesterbeek (2003) $r(K_{2})<1$
sign$(R_{0}-1)=$ sign$(T_{1}-1)$ , (1.9)
Inaba and Nishura (2008) $K$ $M_{11}$
Li and Schneuder (2002 [7]) :
Proposition 1.2 (L$\vdash$Schneider ($JMB$ 2002)) $K$ (irreducible)
:
$K=K_{1}+K_{2}$ , $K_{j}\geq 0$ ,
$K_{1}\neq 0,$ $r(K_{2})<1$ :
$M_{1}:=K_{1}(I-K_{2})^{-1}$ .
$R_{0}=r(K),$ $T_{1}:=r(M_{1})$ :
$T_{1}>0$ , $r( \frac{K_{1}}{T_{1}}+K_{2})=1$ . (1.10)
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:$R_{0}=T_{1}=1$ , $1<R_{0}<T_{1}$ , $0<T_{1}<R_{0}<1$ . (1.11)
$K$ :
$R_{0}=T_{1}=1$ , $1<R_{0}\leq T_{1}$ , $0\leq T_{1}\leq R_{0}<1$ . (112)
$T_{1}>0$ :
$r( \frac{K_{1}}{T_{1}}+K_{2})=1$ . (1.13)
Li and Schneider population dynamics
$P_{n+1}=KP_{n}=(K_{1}+K_{2})P_{n}$ ,
$P_{n}$ $n$ $K_{1}$ $K_{2}$
( ) $r(K)$ $r(M_{1})$
2
2.1
Proposition 2.1 $E$ total $E+$ $K$ irre-
ducible (semi-nonsupporting) $K$ (splitting) :
$K=K_{1}+K_{2}$ , $K_{j}\geq 0$ ,
$r(K_{2})<1$ :
$M_{1}:=K_{1}(I-K_{2})^{-1}$ .
$R_{0}=r(K),$ $T_{1}:=r(M_{1})$ $T_{1}>0$ :
$r( \frac{K_{1}}{T_{1}}+K_{2})=1$ . (2.1)
:
$R_{0}=T_{1}=1$ , $1<R_{0}<T_{1}$ , $0<T_{1}<R_{0}<1$ . (2.2)
Proo Schaefer $T_{1}$ $M_{1}$ $\phi\in E$
$M_{1}\phi=T_{1}\phi=K_{1}(I-K_{2})^{-1}\phi$ .
$\psi:=(I-K_{2})^{-1}\phi$ $\psi\in E_{+}\backslash \{0\}$ $K_{1}\psi=T_{1}(I-K_{2})\psi$
$K \psi=(\frac{K_{1}}{T_{1}}+K_{2})\psi=\psi$ ,
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$\psi$ $K$ 1 $K$ irreducible
$r( \frac{K}{T}\perp 1+K_{2})=1$ $T_{1}=1$ (21) $R_{O}=1$ $T_{1}>1$
$\frac{K_{1}}{T_{1}}+K_{2}<K_{1}+K_{2}<K_{1}+T_{1}K_{2}$,




(2.2) (end of proof)
Proposition 2.2 (Thieme (2009 [11])) $A$ $B=A-I$
$s(B)=r(A)-1$
Proposition 2.3 (Thieme (2009 [11])) $E+$ normal generating $K_{j}$ : $Earrow E$
$r(K_{2})<1$
sign$(r(K_{1}+K_{2})-1)=$ sign $(r(K_{1}(I-K_{2})^{-1})-1)$ . (2.3)
(proof) $B=K_{2}-I,$ $A=B+K_{1}=K_{1}+K_{2}-I$ $s(B)=r(K_{2})-1<0$ ,
$s(A)=r(K_{1}+K_{2})-1$ . Proposition 1.1 $s(A)$ $r(K_{1}(-B)^{-1})-1=r(K_{1}(I-K_{2})^{-1})-1$
(end of proof)
: $\Omega_{b}=\bigcup_{j=1}^{n}\Omega_{j}$ . $\chi j(\zeta)$ $\Omega_{j}$ :
$\chi_{j}(\zeta)=\{\begin{array}{l}1, \zeta\in\Omega_{j},0, \zeta\in\Omega_{b}\backslash \Omega_{j}\end{array}$
$P_{j}$
$(P_{j}u)(\zeta)=\chi_{j}(\zeta)u(\zeta)$ , $u\in L^{1}(\Omega_{b})$










$(Pu)(a)=\chi(a)u(a)$ , $u\in L^{1}(\Omega_{b})$ ,
$\chi(a)$ :
$\chi(a)=\{\begin{array}{l}0, a\in[0, a_{0}),1, a\in[a_{0}, \infty).\end{array}$
( ) $K$ :
$(K_{1}u)(a):=((I-P)Ku)(a)= \frac{S_{1}(a)}{N}\int_{0}^{\infty}\int_{0}^{\infty}\beta(a, \tau+\zeta)\frac{p(\tau+\zeta)}{\ell(\zeta)}f(\tau)\Gamma(\tau)d\tau u(\zeta)d\zeta$,
$(K_{2}u)(a):=(PKu)(a)= \frac{S_{2}(a)}{N}\int_{0}^{\infty}\int_{0}^{\infty}\beta(a, \tau+\zeta)\frac{p(\tau+\zeta)}{p(\zeta)}f(\tau)\Gamma(\tau)d\tau u(\zeta)d($ ,
$S_{1}=(I-P)S$ $S_{2}=PS$
$K_{e}$. $=K_{1}+(1-e)K_{2}$ .
$R_{e}=r(K_{e})\geq r(K_{1})$ $r(K_{1})\geq 1$






$e^{*}=1- \frac{1}{r(M_{2})}$ . (26)
$e>e^{*}$ $R_{e}<1$ $a_{0}=0$ $K_{1}=0$
$M_{2}=K_{2}=K$ control relation :
$e^{*}=1- \frac{1}{R_{0}}$ ,
(separable mixing) $K_{j}$ 1 :
$(K_{1}u)(a)= \frac{S_{1}(a)}{N}\beta_{1}(a)\langle F_{0},$ $u\rangle$ , $(K_{2}u)(a)= \frac{S_{2}(a)}{N}\beta_{1}(a)(F_{0},$ $u\rangle$ ,
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$F_{0}$ :
$(F_{0}, u):= \int_{0}^{\infty}\int_{0}^{\infty}\beta_{2}(\tau+()\frac{\ell(\tau+()}{\ell(()}f(\tau)\Gamma(\tau)d\tau u(()d($ .
$r(K_{1})=\langle F_{0},$ $\frac{S_{1}}{N}\beta_{1}\rangle$ ,
$((I-K_{1})^{-1}u)(a)=u(a)+ \frac{\langle F_{0},u\rangle S_{1}(a)}{1-r(K_{1})N}\beta_{1}(a)$.



















2.3 2 :Critical proportion of isolation
$K$ $K_{1}$




$(K_{1} \phi)(a)=S(a)\int_{0}^{\infty}\beta_{1}(a, \sigma)\int_{0}^{\sigma}\frac{\ell(\sigma)\Pi(\sigma)}{\ell(\zeta)\Pi(\zeta)}\phi(\zeta)d\zeta d\sigma$ ,
$(K_{2} \phi)(a)=S(a)\int_{0}^{\infty}\beta_{1}(a, \sigma)\int_{0}^{\sigma}\frac{p(\sigma)\Gamma(\sigma)}{\ell(\zeta)\Gamma(\zeta)}\int_{0}^{(}\frac{\ell(()\Pi(\zeta)}{l(\eta)\Pi(\eta)}\phi(\eta)d\eta d(d\sigma$,
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